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Abstract: Using the Hamilton- Jacobi method of quantum tunnehng and complex 
path integration, we study Hawking radiation of scalar particles from rotating black 
strings. We discuss tunneling of both charged and uncharged scalar particles from 
the event horizons. For this purpose, we use the Klein-Gordon equation and find 
the tunneling probability of outging scalar particles. The procedure gives Hawking 
temperature for rotating charged black strings as well. 
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1. Introduction 

Classically, black holes are perfect absorbers and do not radiate any particles. In the 
last forty years many advancements in the field of black hole physics came about as a 
result of the interplay between classical thermodynamics and quantum properties of 
black holes. In 1970's Bakenstein related the properties of black holes with the laws 
of thermodynamics [1] . Soon after this, Hawking showed that quantum mechanically 
black holes radiate particles [2, 3, 4]. This discovery was very important because it 
gave a new perspective to the quantum theory of gravity. Following this researchers 
showed a great interest in the field of black hole physics and used different methods 
to investigate these thermal radiations from black holes. 

In 1990's Kraus and Wilczek [5, 6] developed the technique of studying Hawking 
radiations as a phenomenon of quantum tunneling. In this semi-classical approach, 
the imaginary part of the classical action is calculated for outgoing trajectories across 
the horizon. By using the WKB approximation, the tunneling probability for a 
classically forbidden trajectory of s wave coming from inside to out side the horizon 
is given by 

rocexp(-27m7), (1.1) 

where I is the classical action of the trajectory to the leading order of Planck's con- 
stant, H. If we compare this equation with F = exp {—f3E), which is the Boltzmann 
factor, where E is the energy of the particle and /3 is the inverse temperature of the 
horizon, we can write Hawking temperature for a black hole. 

Originally the tunneling method was applied to the Schwarzschild black hole [5] . 
However, this proved to be a powerful method and has been applied to a variety of 
black configurations ([7]- [17]) since then. There are two different ways to calculate 
the imaginary part of the classical action I for the emitted particle: the null geodesic 
method and the Hamilton- Jacobi ansatz. The first one was used by Parikh and 
Wilczek [9], which followed from the work of Kraus and Wilczek, and the second 
one, which is the extension of the complex path analysis [8, 10] has been used by 
different authors. 

In this paper we use the Hamilton- Jacobi ansatz to study tunneling of scalar 
particles from cylindrically symmetric black holes, or black strings [18, 19]. For this 
purpose we will solve the Klein-Gordon equation both for the uncharged as well as 
the charged cases. Using WKB approximation and complex path integration we 
work out the tunneling probabilities of scalar particles across the event horizons. 
This method also recovers the correct value of Hawking temperature for rotating 
black strings. The paper is organised as follows. In the next section we explain the 
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metric describing rotating black strings. In Sections 3 and 4 we study tunneling of 
uncharged and charged scalars, respectively, from these objects. At the end we give 
a brief Conclusion. 



2. Rotating black strings 

We consider Einstein-Hilbert action in four dimensions with a cosmological constant 
in the presence of the electromagnetic field. Solving the Einstein-Maxwell equations 
for a charged rotating cylindrically symmetric spacetime gives [20, 21] 



ds^ = -F{r)dt^ + 
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H{r)dtd9 + K{r)d9^ + L{r)dz^ 
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Here M and Q are the ADM mass and charge of the black string, J is the angular 
momentum and f2 = ^Jl<JP^^^^P^a^^ ^ where o? = —A/3, A being the cosmological 
constant. We can write Eq.(2.1) in another form [20] 



ds^ = -N^'dt^ + (N^dt + d9Y + ^ + e-^'t'dz^ 
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and 



O n b 
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Here and iV"^ are the lapse and shift functions and a is the rotation parameter 
such that a = J/M. Further, 7^ and lo^ jo? are defind as 
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The hne charge density along the z-line is given by 

Q = |j = 7A. (2.10) 

For the above line element the vector potential can be written as 

A, = -h{T)b\ = -7/i(r), (2.11) 
Ar = -h{r)S[ = 0, (2.12) 



Ae = -/i(r)5,^ = -^/i(r), (2.13) 



a 



A, = -h{r)dt = 0, (2.14) 
where h{r) is an arbitrary function of r. 
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3. Scalar particles from rotating black strings 

To model the scalar tunneling from uncharged rotating black string we use the Klein- 
Gordon equation for a scalar field "if given by 

2 

HI 

g>^-d,d,^-—^ = 0. (3.1) 

We apply the WKB approximation and assume an ansatz of the form 

Now by using Eq. (3.2) in Eq. (3.1) in leading order of H and dividing by the 
exponential term and multiplying by H^, we get 

g'\dtl)' + g^'idrlf + g^'dtldol + g'\delf + g'^^d-jf + - 0. (3.3) 

The black string admits three Killing vectors < df.dg.dz >■ The existence of these 
symmetries implies that we can assume a solution for Eq. (3.3), in the form 

I{t, r, e, z) = -Et + W{r) + J^O + J2Z + K, (3.4) 

where E, Ji, K and J2 are constants and, further, we consider the radial trajectories 
only. Substituting Eq. (3.4) in Eq. (3.3) and solving for W{r), we get 



W (r)-± f + ~ ^^^^^'^ " Hr){J2r - N^'rn? ^^ 

J {^'-$)g{r){r/R) 

where 



n 



(r) = N'l'' 



w{r) = 



g(r) = aV^ - ^. (3.6) 

Noting that at r = r_|_ we have a simple pole and, therefore, by using the residue 
theory for semi circle the integral yields 

W^ir) ^ + - ^^(--^(^"-^ - -(--^("-^^ (3.7) 
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where 

b 



g'{r+) = 2aV+ + ^ ' 
art 



R{r+) = ir+. 

Prom Eq. (3.7) we see that 

ImW,(r) = ±.^^^ + "^'■-'^'f - ^:('-^)(^^-) - ■°('-^)(^^)Z. (3.8) 
' (7^ - 9'('-+) ' 

Now, the probabihties of crossing the horizon from inside to outside and outside to 
inside are given by [8, 10] 

Pemission « exp (^-^Iml^ = exp (^-^{ImW+ + ImK)^ , (3.9) 

Pabsorption « exp (^-^Iml^ = exp ^-^{ImW_ + ImK)^ . (3.10) 

As the probabihty of any incoming particles crossing the horizons have a 100% chance 
of entering the black hole, therefore, it is necessary to set 

ImK^-ImW^, (3.11) 

in the above equation. From Eq. (3.7), we get 

W+ = -W^. (3.12) 

This means that the probability of a particle tunneling from inside to outside the 
horizon is 

r = exp (-^ImW+] . (3.13) 



h 

Prom Eq. (3.8), putting the value of ImW^ in Eq. (3.13), we get 

r = exp f _4,TVg- + n(r,)W - N^(r,)(EJ.) - w(r,m (3 j,, 

V (T^-S)9'(r+) ; 

This is the probability of an outgoing scalar particle from the event horizon of rotating 
black string. Prom this we can find Hawking temperature for uncharged rotating 
black string by comparing with the Boltzmann factor [8, 10], F = exp {—/3E) , where 
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E is the energy of particle and /3 is the inverse temperature. Thus the Hawking 
temperature takes the form 



^ ' — (3.15) 



4717 



or 

1 / , bj^\ / , h 



By using Eqs. (2.8) and (2.9), we note that 7^ — (cu^/a^) = 1. So the temperature 
becomes 



2a V+ + ^ . (3.17) 



4. Scalar particles from charged rotating black strings 

To study the contribution of scalar particles towards Hawking radiation from charged 
rotating black strings, we use the charged Klein-Gordon equation for scalar field 
*(i,r,^,^) 

^ - - - ^* - 0. (4.1) 

Following a procedure similar to that of the previous section, we let 

*(i, r, z) = f.{W^^fi^^)+^^{i^^fi^^)^o(n)) _ ^4 2) 

Taking summation on // and v in Eq. (4.1) and using Eq. (4.2) in leading order of 
fi, we get the differential equation of the form 

+g'\del - qAef + g'\djf + = 0. (4.3) 

By assuming a solution of the form in Eq. (3.4) for the above and evaluating for 
W{r) gives 

= ± [ [{E + qA,f + n(r)(Ji - qAef- 

9 1 1/2 

7V'^(£;Ji + 2gA^i + q^AtAe) - w{r){J2f - , (4.4) 
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where 

n(r) = N^' 



w[r] 



b 

g[r) = a r h 



Here, we have a simple pole at r = r+, and thus, by the residue theory we evaluate 
the integral as 

W±{r) = ± [{E + qA,y + n{r^){J^ - qAef- 



N'^{r+){EJ, + 2qAtJ, + q^AAe)] , (4.5) 



where 



g'{r+) = 2aV+ + - (4.6) 



This implies that 

7r7 



ImW^ir) = ±7^^j.f— - [{E + qA)' + n{T^){J, - qAef- 

Nl'{r+){EJ, + 2gA Ji + ?'AA,)] . (4.7) 

Thus the probabihty of a particle tunneling from inside to outside the horizon as 
given by Eq. (3.13) on substituting the value of ImW^ from the above equation 
takes the form 

r = exp [ [{E + qAf + n(r+)(Ji - qAef- 

N^{T^){Eh + 2qAth + q^AAe)\"^) . (4.8) 



We can find the Hawking temperature for rotating charged black string by compari- 
son with the Boltzmann factor as before. So 

Th = ^ , (4.9) 

Att 7 
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where we have used 7^ — (o'^/o;^) = 1. This formula is consistent with the hterature 



5. Conclusion 

Hawking radiations from black holes comprise the whole range of spectrum of parti- 
cles including fermions, bosons, gravitinos etc. In particular, emission of scalar fields 
has been studied for various spherically symmetric black holes. In this paper we 
have extended this analysis to cylindrically symmetric and rotating black cinfigura- 
tions. Using the so-called Hamilton- Jacobi method and the complex path integration 
technique, we have solved the Klien-Gordon equation in the background of charged 
rotating black strings. Employing WKB approximation we have found the tunnel- 
ing probabilities of uncharged and charged particles crossing the event horizon. An 
important consequence of this procedure is that we get the correct value of Hawk- 
ing temperature. The temperature for charged rotating black strings is given in Eq. 
(4.10). If we put angular momentum equal to zero, the temperature reduces to that 
for the charged non rotating black strings [16]. Taking charge Q to be zero gives 
temperature for the uncharged case as 
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